In this paper we prove that one can find surgeries arbitrarily close to infinity in the Dehn surgery space of the figure eight knot complement for which some immersed totally geodesic surface compresses.
Introduction
Suppose that M is a compact, orientable, irreducible 3-manifold with torus boundary ∂M ∼ = T 2 . Recall that a slope on ∂M is an isotopy class of simple closed curves on ∂M . The distance between a pair of slopes α and β, denoted ∆(α, β), is the absolute value of their algebraic intersection number.
Given a slope α, let M (α) denote the manifold obtained from α-Dehn surgery on ∂M . It was shown in [4] that if F is a closed, orientable, embedded, incompressible surface in M admitting no incompressible annulus with one boundary component contained in F and the other in ∂M , and F compresses in M (α) and M (β), then ∆(α, β) ≤ 2. This result was later improved to ∆(α, β) ≤ 1 [18] .
In this paper we study the analog of the above result for immersed surfaces. When the interior of M admits a hyperbolic structure of finite volume, closed, immersed, totally geodesic surfaces are incompressible surfaces having no incompressible annulus as above. These surfaces have good incompressibility properties, for they remain incompressible in all but a finite number of surgeries on one cusp (this can be deduced from [10] and [17] , see also [2] for explicit bounds).
A well known example of a complete hyperbolic manifold with one cusp is the complement of the figure eight knot in S 3 [15] , which we denote by M 8 . Using arithmeticity of M 8 , one can show that it contains infinitely many closed, immersed totally geodesic surfaces [9] , [14] .
Our main result is Theorem 5.1.1 implies that there is no global bound on the number of surgeries which one must omit to guarantee incompressiblity of all closed totally geodesic surfaces. More precisely, we have Corollary There are infinitely many surgeries on the cusp of M 8 such that for each surgery, some immersed, closed, totally geodesic surface compresses.
As M 8 is the interior of a compact 3-manifold with torus boundary, and since every surface in M 8 compresses in M 8 ( 1 0 ), Theorem 5.1.1 implies the following result, indicating there is no analog in the immersed settings of [4] and [18] . 2 
3-manifolds and incompressible surfaces
In this section we collect some of the basic facts and definitions from 3-manifold topology, see [6] and [16] for more details.
Let M denote a compact, orientable, irreducible 3-manifold with torus boundary ∂M ∼ = T 2 . Slopes on ∂M are in a 2 to 1 correspondence with primitive elements of π 1 (∂M ) ∼ = H 1 (∂M, Z) ∼ = Z ⊕ Z, with the ambiguity coming from the lack of orientations. We will often ignore this ambiguity, making no distinction between slopes and primitive elements of π 1 (∂M ).
Let µ and λ denote generators for π 1 (∂M ). Slopes on ∂M then correspond to elements r ∈ Q ∪ {∞} by associating µ p λ q with r = 
Given a slope α on ∂M , one can form a new manifold M (α) by α-Dehn surgery as follows. Let
be a solid torus. Choosing a homeomorphism h :
to M by identifying points x and h(x). The resulting space is a manifold, and up to homeomorphism, depends only on α. Note that there is a natural inclusion i : M → M (α).
Let F ≇ S 2 , D 2 be an orientable surface and f : F → N an immersion into an orientable 3-manifold N . We will say that (f, F ) is an incompressible surface if f * : π 1 (F ) → π 1 (N ) is injective, and compressible otherwise. We may often refer to an incompressible or compressible surface F , with the mapping implicit. By Dehn's Lemma and the Loop Theorem, if f is a proper embedding, these definitions agrees with the usual ones [6] .
It will often be the case that the 3-manifold M we are considering is the interior of a compact 3-manifold M with torus boundary. In this case, M (α) will be the manifold M (α), where α denotes both the slope on ∂M and the associated homotopy class of curves in the end of M . A homotopy class of curves in M which have a representative in ∂M is called peripheral. We will say that a loop in M is peripheral if its homotopy class is.
Hyperbolic geometry
In this section we review a few of the basics of hyperbolic geometry, for more details, see [3] , [12] , or [17] .
Hyperbolic space and its isometries
We will use the upper half space model for hyperbolic 3-space, H 3 . That is,
with the complete Riemannian metric
toroidal boundary, and that every boundary component of M Γ has a product neighborhood whose intersection with M Γ consists of cusps of M Γ . Let γ be a free homotopy class of essential loops in M Γ . We say that γ is hyperbolic (resp. parabolic) if ψ(γ ′ ) is hyperbolic (resp. parabolic) where γ ′ ∈ π 1 (M Γ ) is a representative of the conjugacy class determined by γ. If γ is hyperbolic, then there exists a unique, length minimizing, geodesic representative for γ given by Ax(ψ(γ ′ ))/ < ψ(γ ′ ) >, where Ax(ψ(γ ′ )) is the axis for ψ(γ ′ ). If γ is parabolic, then there exists a sequence of loops γ n representing γ such that the length of γ n goes to 0 as n goes to infinity.
As a homotopy class of loops is peripheral if and only if it has representatives lying entirely in a cusp of M Γ , the following is straightforward. Notation: It is common to blur the distinction between a particular cusp and the end of the manifold corresponding to that cusp. We will follow this convention, referring to both objects as cusps. The context will make it clear which we are referring to.
Fuchsian groups
Given any subgroup G ⊂ P SL 2 (C) and any (geometric) circle C ⊂ C (i.e. circle or line in C), define
A Fuchsian group is defined to be a discrete subgroup of Stab P SL2(C) (C), for some circle C. For any circle C ⊂ C there exists g ∈ P SL 2 (C) such that g(C) = R. It follows that gStab P SL2(C) (C)g −1 = P SL 2 (R). Thus, a Fuchsian group is a Kleinian group conjugate into P SL 2 (R) by an element g ∈ P SL 2 (C).
Any circle C on C is the boundary of a hyperbolic plane P C ∼ = H 2 embedded totally geodesically in H 3 and conversely. In the notation of the previous paragraph, we have P C = g −1 (H 2 ), where we view H 2 ⊂ H 3 as in Section 3.1. If Γ is a torsion free Fuchsian group stabilizing C (hence P C ), S Γ = P C /Γ is a hyperbolic surface, and π 1 (S Γ ) ∼ = Γ. Γ has finite co-area (resp. is co-compact) if S Γ has finite total area (resp. is compact).
Suppose now that Γ is a finite co-volume torsion free Kleinian group such that there exists a circle C ⊂ C for which Γ ′ = Stab Γ (C) has finite co-area. This induces a proper, totally geodesic immersion
It is immediate that any such surface is incompressible. Since the only (complete) totally geodesic surfaces in H 3 are hyperbolic planes, any proper, totally geodesic immersion of an orientable, hyperbolic surface into M Γ factors through an immersion of this type. That is, if f : F M Γ is a proper, totally geodesic immersion of an orientable, hyperbolic surface, then with the notation above, we have that ψ • f * (π 1 (F )) ⊂ Stab Γ (C) for some circle C ⊂ C.
We will be primarily interested in closed, orientable, immersed, totally geodesic surfaces. The classification of isometries of H n , n = 2, 3, easily implies Remark: The surfaces S Γ ′ corresponding to Fuchsian subgroups Stab Γ (C) = Γ ′ ⊂ Γ are orientable, although it may be that the map S Γ ′ M Γ factors through a covering of a non-orientable totally geodesic surface Σ M Γ . This will happen if and only if there is a g ∈ Γ such that g(C) = C and g exchanges the components of C \ C.
Arithmetic manifolds
In this section, we discuss background and results from the theory of arithmetic manifolds, applications to the figure eight knot, and we give a proof of Theorem 4.4.1. All theorems in this section (with the exception of Theorem 4.4.1) are known and a few proofs have been included for the sake of completeness. For more details, see [8] .
Arithmetic Fuchsian Groups
Let A be a quaternion algebra over Q with Hilbert symbol a,b Q . That is, A is a 4-dimensional algebra over Q having basis 1, i, j, k with multiplication defined so that 1 is a multiplicative identity, and
is an involution of the vector space and x · y = y · x. Conjugation is given by
The (reduced) norm and (reduced) trace of x ∈ A are defined by n(x) = xx and tr(x) = x + x respectively. We will view tr and n both as maps to Q.
We note that the quaternion algebra A =
With this embedding, we have that tr(x) = T r(ρ(x)) and n(x) = det(ρ(x)) where T r and det are the usual trace and determinant of a square matrix, respectively. An order O in a quaternion algebra A over Q is finitely generated Z-module contained in A such that O spans A over Q (O ⊗ Z Q = A) and O is a ring with 1. Given an order O, define O 1 = {x ∈ O | n(x) = 1}. A useful result is the following [8] . From this theorem, we make the following definition. A Fuchsian group Γ is said to be derived from a quaternion algebra (defined over Q) if Γ is conjugate into a subgroup of P ρO 1 of finite index, for some A and O as above.
Recall that if G is any group and K and H are subgroups, then K and H are said to be commensurable in G if and only if there exists an element g ∈ G such that gHg −1 ∩ K is a finite index subgroup of both gHg −1 and K. Any Fuchsian group commensurable in P SL 2 (C) with a group derived from a quaternion algebra is said to be arithmetic.
Bianchi groups and Fuchsian subgroups
Let d be a positive square-free integer, and let
and
A Bianchi group is any group of the form P SL 2 (O d ) for some square-free d ∈ Z + . It is well known that the Bianchi groups all have finite co-volume and are non-co-compact (see [8] ).
We will be interested in Fuchsian subgroups of the Bianchi groups. We now describe a certain integral invariant of such subgroups that we will be useful for us. Any circle C in C can be described by a triple (a, B, c) as the set of z ∈ C (and possibly the point ∞) such that
is non-elementary, it can be shown (see [7] ) that we may choose a, c ∈ Z and B ∈ O d . In this case, we will write B =
, and both congruent to 0 (mod 2) if d ≡ 1, 2 (mod 4). We say that the triple (a, B, c) is primitive if
A primitive triple for a circle is unique up to sign. If (a, B, c) is a primitive triple for C, we define the discriminant of C to be D(C) = |B| 2 − ac (note that D(C) > 0). We denote the set of circles represented by primitive triples in
That is, the Möbius transformation represented by T ∈ P SL 2 (O d ) takes the circle C ∈ Σ d to the circle T (C), and T (C) is represented by a primitive triple.
Now define
As ±I are in the kernel of the action, we can induce an action by P SL 2 (O d ). This action clearly preserves determinants.
If
Thus, Φ descends to a map from the orbit space of H d to the orbit space of Σ d . This in turn implies that the discriminant function on Σ d is invariant under the action of P SL 2 (O d ).
Now we note that for any
are commensurable if and only if they are conjugate, we obtain the following [13] .
Suppose D ∈ Z + and that C D ⊂ C is a circle centered at the origin of C with radius
One can check [7] that
The following theorem provides the arithmetic structure of the groups Stab P SL2(O d ) (C) (see [7] , [9] ).
Theorem 4.2.2 Suppose d is a square-free integer. Then, for every
is a Fuchsian group derived from the quaternion algebra
Proof: Let O ⊂ A be the order given by
, O is easily seen to be an order in A. When d ≡ 3 (mod 4), O is a finitely generated Z-module and has O ⊗ Z Q = A. Further, one can check that ρ(O) = R, where
R is a ring with 1 since O d is. Therefore, O is a ring with 1 and hence an order. Now we see that P ρO Remark: Since the squaring endomorphism of (Z/dZ) * is not surjective when d ≥ 3, quadratic non-residues always exist.
Figure eight knot group
It is well known [15] that the complement of the figure eight knot in S 3 admits a complete, finite volume hyperbolic structure. That is,
We make no distinction between M 8 and H 3 /Γ 8 . By conjugating if necessary, we may assume that Γ 8 is an index 12 subgroup of P SL 2 (O 3 ) and that
where Proof: Let D be as in the statement of the theorem. Clearly We will need another fact concerning Γ 8 which is of an arithmetic nature. Given any integer n ≥ 2, let R n be the ring O 3 /(n), where (n) is the principal ideal in O 3 generated by n. For each n ≥ 2, we define a homomorphism
which is reduction of the entries modulo (n). The kernel of this homomorphism is a finite index, normal subgroup of P SL 2 (O 3 ) called the principal congruence subgroup of level n, denoted Γ(n). Any subgroup of P SL 2 (O 3 ) containing Γ(n) for some n ≥ 2 is called a congruence subgroup. The theorem concerning the figure eight knot group which we need is the following well known fact. We include a proof (this one due to Mark Baker) for completeness.
According to [15] , Γ 8 ⊂ Γ 
Proof of (i):
We prove this by showing that Γ(4) = Γ(2) (2) , where Γ(2) (2) =< γ 2 | γ ∈ Γ(2) >. For if this holds, then for any subgroup H ⊂ Γ(2) of index no more than 2, we have γ 2 ∈ H for any γ ∈ Γ(2). Therefore, Γ(4) = Γ(2) (2) ⊂ H as required. We first note that G = Γ(2)/Γ(2) (2) ∼ = (Z/2Z) n , for some n ∈ Z + ∪ {0}, since Γ(2) is finitely generated. A simple calculation shows that γ 2 ∈ Γ(4), ∀γ ∈ Γ(2), so that Γ(2) (2) ⊂ Γ(4). Hence, Γ(2)/Γ(4) is a quotient of G. From [11] , we see that |Γ(2) : Γ(4)| = 32, so that Γ(2)/Γ(4) ∼ = (Z/2Z) 5 , and n ≥ 5. In [1] , it is shown that Γ(2) = π 1 (S 3 \ L) where L is a five component link in S 3 . Therefore, (Γ(2)) ab = Z 5 . Since G is abelian, the quotient map Γ(2) → G factors through the abelianization. Therefore, n ≤ 5 implying n = 5 and Γ(2) (2) = Γ(4). Thus, (i) follows.
Proof of (ii):
We consider
where s 1 , ..., s 6 are coset representatives for Γ ′ 8 in P SL 2 (O 3 ). Moreover, both P SL 2 (O 3 ) and Γ ′ 8 have a single conjugacy class of maximal elementary subgroups fixing a single point (the conjugacy class of the stabilizer of infinity). Therefore, we can take s 1 , ..., s 6 to lie in Stab P SL2(O3) (∞), that is, we may assume the s i are upper triangular. Now, we also have
Now we again use that fact that Γ(2) ∼ = π 1 (S 3 \ L). A Wirtinger presentation generates π 1 (S 3 \ L) by meridians [16] , hence Γ(2) is generated by parabolics. If follows that the generators of Γ (2) Proof: Let M be the exterior of the figure eight knot in S 3 , which is a compact, orientable, irreducible 3-manifold with torus boundary. M 8 is homeomorphic to the interior of M and for the remainder of the proof, we regard M 8 as this subset of M . Note that M 8 (α) = M (α) for any slope on ∂M . Let µ and λ denote the standard basis for π 1 (∂M ), so that slopes on ∂M are represented by p q ∈ Q ∪ {∞}. Now, let p = 4 and q > n be any odd integer. By Theorem 5.1.1, there exists F , a closed, orientable, immersed totally geodesic surface in M 8 which compresses in M 8 (
0 ) = q > n, so that to complete the proof, we need only prove that there exists no incompressible annulus in M with one boundary component in F and the other in ∂M . Such an annulus defines a free homotopy from an essential curve in F to an essential curve in ∂M . That is, an essential curve in F is peripheral. This is forbidden by Corollary 3.3.2, hence no such annulus exists, and the theorem follows. P
Compressions and normal closures 5.1 Compressions in M 8 (α)
In this section we prove the main theorem. Proof: Let µ and λ be elements in Stab Γ8 (∞) representing the standard meridian-longitude basis for π 1 (∂M 8 ). It can be shown [17] , that
Let p and q be as in the statement of the theorem, and put
VanKampen's Theorem implies
where ≪ σ ≫ is the normal closure of {σ} in Γ 8 . The strategy is now the following. We construct a sequence of distinct positive integers D k ≡ 2 (mod 3), and elements g k ∈≪ σ ≫ of the form
co-compact Fuchsian subgroups of Γ 8 . Therefore, as in Sections 3.2 and 3.3, we obtain a sequence {f k :
The description of Stab P SL2(O3) (C D ) given in Section 4.2 and the fact that
We now begin the construction of D k and g k . We have
Since 3 ∤ p, we see that 3 ∤ |ξ| 2 , and 3 ∤ 4|ξ| 2 . Therefore, gcd(3, 4|ξ| 2 ) = 1 and there exists r, t ∈ Z such that
This implies that
is an element of P SL 2 (O 3 ).
To prove the claim, we consider the homomorphism Φ 4 defining Γ(4) (see Section 4.3). By Theorem 4.3.2, we have that Γ(4) ⊂ Γ 8 . In particular
. So to prove that h ∈ Γ 8 , it suffices to prove that Φ 4 (h) ∈ Φ 4 (Γ 8 ). We have
The congruence in the (1, 2)-entry is clear. The congruence in the (2, 1)-entry follows from the fact that 4|p and gcd(p, q) = 1 implies q ≡ 1, 3 (mod 4), so that
The congruence in the (2, 2)-entry comes from
Next, we consider the following element g ∈ Γ 8 , and its reduction modulo (4)
Therefore, Φ 4 (h) = Φ 4 (g), hence Φ 4 (h) ∈ Φ 4 (Γ 8 ) and the claim is established.
We now construct D k and g k . For each k ∈ Z + set
To complete the proof of the theorem, we must show that g k has the required form. First, we compute
This gives
Now set
and note that
Thus we have
This completes the proof.P
The element h in the above proof was arrived at by attempting to "match up" an invariant hyperbolic plane of σ with one from a conjugate of σ. The group generated by σ and hσh −1 is a non-elementary Fuchsian subgroup of Γ 8 , which thus contains a rank-2 free subgroup of hyperbolic elements in ≪ σ ≫ with real traces. The fact that Γ 8 contains an abundance of co-compact Fuchsian subgroups makes it possible to construct nontrivial elements in the intersection of some of these groups with ≪ σ ≫.
It seems worthwhile to compute h and g k explicitly for some choice of p, q, and k. An appendix is included at the end of the paper which contains h and a list of g k and D k for k ∈ {1, ..., 10}, when p = 20 and q = 7.
Related results
The basic construction in the proof of Theorem 5.1.1 is quite general. In particular, we have 
We only sketch the proof as it is almost identical to the proof of Theorem 5.1.1.
Sketch of Proof:
As in the previous proof, we construct, for each k ∈ Z + , g k ∈≪ σ ≫ of the form
where {D k } is a sequence of distinct positive integers, each of which is a quadratic non-residue (mod d). Therefore, 
Moreover, the groups in the sequence {Stab
By hypothesis, there exists r and t such that −dr − |ξ| 2 t = 1. This implies that
Let x < d be a non-square (mod d) (see the remark at the end of Section 4.2). For each k ∈ Z + define
, and hence is not a square (mod d). As in the previous proof, a calculation shows
thus completing the proof.P We wish to use Theorem 5.2.1 to construct examples of cusped hyperbolic manifolds and arbitrarily large surgeries in which totally geodesic surfaces compress. Selberg's Lemma (see [12] , for example) guarantees the existence of a hyperbolic 3-manifold M Γ that is a finite sheeted orbifold cover of M P SL2(O d ) (pass to Γ ⊂ P SL 2 (O d ) a finite index, torsion free subgroup). The problem in trying to use these covers is that the conjugating element h in the proof of Theorem 5.2.1 need not lie in Γ.
There is a special situation of torsion free, finite index subgroups of P SL 
In this situation, we will denote such a set of coset representatives by s 1 , ..., s n . This condition is equivalent to requiring that the index of Stab Γ (∞) in Stab P SL2(O d ) (∞) is equal to the index of Γ in P SL 2 (O d ). This is also equivalent to the assumption that the preimage of the cusp of
Suppose now that d > 3 and Γ ⊂ P SL 2 (O d ) is ∞-non-separated. Note that any element h ∈ P SL 2 (O d ) can be written as gs i for some g ∈ Γ and some i ∈ {1, ..., n}. Let σ be an arbitrary element of Stab Γ (∞). Since each s i centralizes σ, we see that
Example: It can be shown that there exist torsion free subgroups Γ 0 and Γ 1 in P SL 2 (O 7 ), each of index 6 (see [5] where these groups are called Γ −7 (6, 8) and Γ −7 (6, 9)). We show that for each i = 0, 1, there are infinitely many surgeries on M Γi , such that for each such surgered manifold, M Γi (α), there are infinitely many non-commensurable closed, orientable, immersed, totally geodesic surfaces in M Γi which compress in M Γi (α). Throughout, let i = 0, 1. In [5] it is shown that H 1 (M Γi , Z) ∼ = Z ⊕ (Z/3Z) 2 . A well known homological argument shows that a compact 3-manifold M with boundary must satisfy
It follows that M Γi can have no more than one cusp. Since, M Γi must have at least one cusp (namely the one coming from Stab Γi (∞)), we see that M Γi has exactly one cusp, which implies Γ i ⊂ P SL 2 (O 7 ) is ∞-non-separated. . Then any primitive element
has ξ = p + qη with (p, q) a pair of coprime integers. This implies
We assume that either 7|p or 7|q , so that 7 ∤ |ξ| 2 . Taking σ ni to be the smallest power of σ which lifts to Stab Γi (∞) we see that n i divides 6 = |Stab P SL2(O d ) (∞) : Stab Γ (∞)|. We can write σ ni = 1 n i ξ 0 1 for i = 0, 1
Since 7 ∤ |ξ| 2 , we see that 7 ∤ |n i ξ| 2 , so that σ ni satisfies the hypothesis of Theorem 5.2.1 and hence ≪ σ ni ≫ Γi =≪ σ ni ≫ P SL2(O7) intersects infinitely many non-commensurable co-compact Fuchsian subgroups. As in the proof of Theorem 5.1.1, we see that this implies that there exist infinitely many non-commensurable closed, orientable, immersed, totally geodesic surfaces in M Γi which compress in M Γi (σ ni ). This example also proves Theorem 4.4.1. To see this, we refer to [5] It is also shown there that g 2 = µ 2 . From this presentation, we see that g 2 is primitive in the abelianization, hence it is primitive in Γ 0 . Furthermore, a calculation shows Γ 0 / ≪ g 2 ≫ ∼ = Z * Z/3Z. As this group can never contain the fundamental group of a surface (of positive genus), we see that every one of the surfaces found above compresses in M Γ0 (g 2 ). Therefore, if in the above construction we let p = 1 and q = 7k for k ∈ Z + , the sequence of slopes (σ k ) n 0,k = (µλ 7k ) n 0,k have totally geodesic surfaces compressing in M Γ0 (σ n 0,k k ), and 7k = ∆(σ k , µ) ≤ ∆(σ n 0,k k , g 2 ) → ∞ as k → ∞.
Appendix
Here is a list of g k and D k from the proof of Theorem 5.1.1, for p = 20 and q = 7 where k ∈ {1, ..., 10}. Note that it is not hard to see that these elements lie in Γ(4) ⊂ Γ 8 . 
